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1 Introduction 



A duality between type IIB strings on the maximally supersymmetric pp-wave [2j and 
a sector of M = 4 super Yang-Mills theory has been recently proposed. In jB] Berenstein, 
Maldacena, and Nastase show how string theory on the maximally supersymmetric pp- 
wave can be obtained from AdS$ x S 5 as the Penrose limit [3] along a null geodesic. 

This background is particularly interesting because the superstring theory can be 
solved on it using the GS superstring formalism and light-cone gauge [£], All the 
string states are massive 



n 2 



h = - P+ = E "m/"' + ^ <"> 

where iV n is the occupation number of the n th normal mode of the bosonic and fermionic 
fields. Choosing a null geodesic breaks SU{A) R to the U(1)r of rotations along the 
geodesic. BMN argued that string states on the pp-wave limit of AdS$ x S 5 are dual to 
a sector of M = 4 SYM which is composed of both chiral and non-chiral operators with 
large dimension A, large U(1)r charge J and fixed A — J 



A-J = - P -±= g nJi + 4 -^^ 

* nt^oo V J2 (1.2) 

A + J 
I?- = 

where i? 4 = 4ira' 2 g s N is the common radius of Arf^s and 5* 5 and the expressions are 
valid for < 1 . 

BMN explicitly identified the non-chiral operators corresponding to the string spec- 
trum (jl.lj) . Expression (jl.2j) can be expanded as a perturbation series in the constant 
= j^, which can be interpreted as an effective coupling constant. In this way, per- 
turbative calculations may be performed in the non-perturbative regime A > 1, and 
comparison with the superstring results can be carried out. 

After j3] the Penrose limit has been applied to other, less symmetric, models, and 
some results were obtained on the non-perturbative behaviour of a large variety of gauge 
theories. In this paper we go in this same direction and consider the large A and J 
(along with large N and A) limit of a non-supersymmetric unstable gauge theory which 
is obtained as the IR fixed point of the renormalization group flow from M = 4 SYM 
deformed through a mass term for one of the fermions in the adjoint of the gauge group 
[Zj [H] [Sj- The dual to this theory is the compactification built in jTUj as a U(l) fibration 
over CP 2 . The background has three- and five-form field strengths turned on, and is 
unstable. 
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After taking the Penrose limit, we find a pp-wave background with constant NS-NS 
and R-R field strengths, pp-wave backgrounds with 2-form fields have been considered 
in jTT], [T2], and [T3] for a different and supersymmetric fixed-point. Despite the orig- 
inal instability, our solution is stable and has the minimal number of supersymmetries 
allowed for IIB pp-waves (e.g. 16). This has some interesting consequences. First of all, 
the bosons and fermions have different masses, which gives the theory a non-vanishing, 
finite and positive zero-point energy. Moreover, in the perturbative expansion of the 
anomalous dimension of the dual operators, we find that some scalars have as the first 
order correction a term proportional to -J X eff 

(A - J) n = V2 (l± Vf y/X~7f + ^ 2 X eff + 0{Xf f )) (1.3) 



9ym 1 



where \ eff - —jt- 

We also find that the perturbation series for some fermionic states starts from the 
second order 

(A"4 = ^(l + ^ 4 4 + 0(Ay) (1.4) 

as was also found for a different model in |13j . 

This paper is organized as follows. In section 2 we review the construction of the 
supergravity solution of jTU], first following the original paper, and then in a different 
way that makes the symmetries more evident. In section 3 we take the Penrose limit of 
this solution. In section 4 we quantize the string theory on the constant NS-NS and R-R 
fields pp-wave, and give an approximation to the zero-point energy. In the last section 
we discuss the field theory dual to the pp-wave string theory. 



2 The SU(3) x U(l) supergravity solution 

The 2-dimensional complex projective space CP 2 is defined as the subset of C 3 - {0} 
with the identification (z±, Z2, z%) ~ (Xz±, Xz2, Xz^) with A any complex number different 
from zero. The metric of this space is given by 

, 2 dr 2 + r 2 a\ r 2 (a 2 + a 2 ) 
as = + 



i I Ar£\2 1 I Ar 2 

V 1 i" 6 / 1 * 6 

where A is the cosmological constant and a^, i = 1,2,3 are the S'L r (2)-invariant forms 
satisfying da± = 2<j2 A 03 and permutations. It is possible to define a connection A that 
satisfies 

dr] + (-uj ab T ab -ieA)ri = (2.1) 
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where e is the charge of the spinor 77 (we use the same charge normalization as [TO] ) : 



A - A f] T t* - -i ax 

1 + Xf + %2 + X\ + X\ 



c 



( 1 \ 

-10 

1 
0-10 



and z\ = xi + i X2, z 2 = x^ + ix^ and z(+z^ + z$ = j. The solution to equation (|2JJ) is 
given by 



(2.2) 



(r i2 - T U ) V = 

(i + r 12 ) v = o 

diT] = i = 1,2,3,4 

and imposing 77*77 = 1, 77 can be determined up to a phase a. If we define the charge 
conjugate spinor x = Cr/*, we can build a complex (2,0)-form K = x Yijl^ 1 A e J ({e*} 
{% = 1, . . . ,4) are the vielbeins of CP 2 ) which will be useful later to define the complex 
three-form on the 10-dimensional background. Given (j2.2j) we find that 



K 12 = K U = 
Ki 3 = -K24 = iK 2 s 



iK 



14 



(2.3) 



where a is an arbitrary real constant. 

The connection A can be used to build a U(l) bundle over CP 2 . We refer to this 
space as M 5 . Its metric is given by 



ds 



Mr, 



ds 2 „2 + c 2 (dr — Ay 



(2.4) 



for a constant c to be determined later. 

Given M 5 we can build a compactification of IIB supergravity of the form AdS$ x M 5 

ma 



ds 2 — ds 2 AdS5 + ds 2 Mh 
2 



F 5 = -L- (e" A e" A e p A e CT A e T + e m A e n A e p A e 9 A e r ) 

where {e' 4 } and {e m } are the vielbeins of AdS§ and M 5 respectively, and A c 
We choose a coordinate system in which the AdS metric is given by 



(2.5) 



ds\ dS = R 2 ( — cosh 2 p dt 2 + dp 2 + sinh 2 p dVl 3 
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and the complex coordinates of CP 2 are 



:4>+4> 



Z\ = cot uj cos |e* 2 

n ■ ip — 

Z2 = cot 10 sin 2 e *~ 



2 (2.6) 



The ten-dimensional metric takes the form 

R 2 3 

ds 2 = R 2 ( — cosh 2 p dt 2 + dp 2 + sinh 2 p df^) H (dr H — cos 2 a; (dip + cos (9 d<p)) 2 + 

8 2 

+ -R 2 (duj 2 + sin 2 cj cos 2 cj a 2 + cos 2 u (a 2 + a 2 2 )) (2.7) 



where 



a-j + ia 2 = -\e^{dQ - i sin 9 dcp) 
f"3 = h(dip + cos 9 d(f>) 



2 

while for the complex three-form we obtain 

G 3 = — ^e ia e- i{ - T+ ^R % cos u(d6 + i sin 9 d(f>) A (du + - sincjcoscu + cos9 d<p)) A 
8v 2 2 
3 

A(dr+ -cos 2 lu (dip + cos9d(f>)) (2.8) 

The symmetry of this solution is SU(3) x U(l) 1 . The 5*^(3) is a spatial symmetry, 
it comes from the symmetry of the compact space M5, while the U(l) is a subgroup of 
the SU(1, 1) C SL(2, M.) symmetry of chiral supergravity and can be associated with 
translations of the a phase of the complex 3-form. 

This solution has no supersymmetries, and is unstable. In fact there is a scalar mode 
in the 6 of SU(3) with m 2 = — y (in units of the AdS radius) which is below the 
Breitenlohner-Freedman bound 111 



There is another way to build the solution AdS^ x M 5 . This background is the ten- 
dimensional lifting of the solution corresponding to one of the critical points of the scalar 
potential of five-dimensional gauged supergravity [TH]. Each of these critical points is 
characterized by the expectation value of a set of scalar fields. After making the proper 
changes, we can use the same formulas as for the embedding of the five-dimensional 
solution into chiral ten-dimensional supergravity. 

The general formula is 
d/xo = tfds 2 AdS + ds 2 5 (2.9) 

1 The U(l) factor doesn't appear in the original work of Romans jl()j . It was first argued to belong 
to the symmetry group of this solution in |14j . 
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where 

Vl 2 = £ cosh x 

ds 2 5 (a,x) = ^-^-^ (dx T Qj}dx J ) + y Smh x ^ anh x (V ' j I3 dx J ) 2 

Qu = diag [e~ 2 \ e~ 2 », e~ 2 \ e~ 2 \ e^, e A ») (2.10) 
Jjj = —Jji and J14 = J23 = J&5 — 1 
£ 2 = x'Qjjx' 

and i?o is the radius of the round S 5 compactification, while \ an d v are the scalar fields 
which determine the five-dimensional solution. In our case they are 

v = and % = - log (2 - v 7 ^) (2.11) 
New complex coordinates are defined based on the structure of J 

u 1 = x 1 + ix 4 , u 2 = x 2 + ix 3 , u 3 = x 5 -ix 6 (2.12) 
which transform in the 3 of SU(3). We parametrize them as 

1 up 1 t+± \ 

u = cos uo e y 2 ' cos - 

u 2 = coswe^+^sin- (2.13) 
u = sin u; e 



so that if we define Z\ = ^ and z 2 = \, these coordinates give the right parametrization 
(|2.6|) of CP 2 . Now we only need to make two remarks in order to obtain our solution 
(J2.7|) . First of all the radius Rq of AdS^, in the round S 5 compactification is different 
from our radius R: (j2T3j) . (EHUl) and (I2~TT1) show that 

R 2 sechx = ^R 2 (2.14) 

Also the coordinate P has to be rescaled in order to obtain the metric of the fibration 
over CP 2 as we wrote it above. The right substitution is P = ~. 

This way of obtaining the solution is very useful when considering the symmetries 
of the theory. If we write the metric (|2.10j) and complex three-form in terms of the u 
coordinates 

dsl = \r 2 Y^ (du k du k + \ (u k du k - u k du k ) 2 \ (2.15) 
3 k=i V 8 / 

G3 = i —7= e ia du 1 A du 2 A du 3 (2.16) 
the solution is manifestly SU(3) X [7(1) symmetric. 
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3 The Penrose limit 



3.1 Taking the limit 

We now consider the Penrose limit of ()2.7|) . We consider the null geodesic p = uj = 9 = 
and scale our coordinates as 

p = n w = °^viR (3 ' 1) 



We define 



2 

i+= K i+ ^ (T+3/j) ) (3 - 2) 

and expand the metric keeping only 0(1) terms 

ds 2 = - Adx + dx~ - r 2 (dx + ) 2 + dr 2 + r 2 dtt 3 + drj 2 + rf df3 2 + dx 2 + X 2 d(j) 2 + 

- 2V2dx + (r] 2 dp + X 2 d<p 2 ) (3.3) 

There is a way to write this metric which is far more intuitive in view of the quantization 
of the string theory on this background. If we change coordinates 



the metric reads 



(3.4) 



ds 2 = -Adx + dx- + ^{dx 1 ) 2 - + 2 ( dx+ ^ 2 ( 3 - 5 ) 



i=l \ i=l i=5 

where x±, . . . , 24 are along the spatial coordinates of the AdS part of the pp-wave and 
we defined x e%Lpx = zi = x 5 + i x 6 and 77 e lip2 = z 2 = x 7 + i x 8 . 
We take the same limit on the 3- and 5-forms, and obtain 

G 3 = 2 e ia dx + A dz x A dz 2 

1 f 3 6 1 

F 5 = — dx + A (dx 1 A dx 2 A da; 3 A dx 4 + dx 5 A dx 6 A dx 7 A cfe 8 ) 

v2 



The metric and the forms we have obtained from the Penrose limit of the 577(3) x U(l) 
solution are, as one would expect, a solution of the equations of motion of supergravity. 
They indeed satisfy the relation [T3| 



where A^ are the masses of the bosonic zero modes that can be read off the coefficents 
of the (dx + ) 2 terms in the metric, e.g. = diag(l, 1, 1, 1, 2, 2, 2, 2), and b and / are the 
coefficients of G 3 and F 5 respectively. 

As usual, the solution preserves the 16 supercharges T + e = [2\. In Appendix iBl we 
check that there are no other supersymmetries. 

4 String spectrum 
4.1 Bosonic sector 

The string theory on a pp-wave background is exactly solvable even when there are non 
trivial NS-NS and R-R fields. The bosonic spectrum doesn't get contributions from the 
R-R fields jS], but feels only the graviton and the NS-NS 3-form field strength. The 
model we consider and its quantization are similar to [TT], [T3] and [TH] . 
We introduce a mass parameter m by scaling x + and x~ as 

x + — > mx + x~ —+ — (4-1) 

m 

Both x + and x~ have now the dimension of a length. We also decompose the complex 
3-form G 3 as 

G 3 = H? s + tF 3 RR 

The background is then given by 



= 2m dx + A (cos a (dx b A dx 7 - dx e A dx 8 ) - sin a (dx & A dx 7 + dx 5 A dx 8 ) ) 
F 3 RR = 2m dx + A (cos a (dx 6 A dx 7 + dx 5 A dx 8 ) + sin a (dx 5 A dx 7 - dx 6 A dx 8 )) 
F 5 = -— dx + A (dx 1 A dx 2 A dx 3 A dx 4 + dx 5 A dx 6 A dx 7 A dx 8 ) 

and the action for the bosonic sector is [T8] 



trA = -8/ 2 — 2 |6| 2 



ds 2 




(4.2) 




(4.3) 



S 



where, after fixing the gauge x + = 2a'p + f, the "lagrangian" is given by 

C B = ^(doX^ 2 -m 2 (a'p + ) 2 Ci X l2 ~ (x j> - 2a'p + H +ij X^ X j '-2a'p + (d X--X-' > j 

(4.4) 

and q = (1, 1, 1, 1, 2, 2, 2, 2). Lb doesn't have the dimensions of an energy. This is because 
f is not a time-sized variable. A natural choice for defining a new time coordinate is 
suggested by the gauge-fixing condition 

r = 2a'p + f = x + «% = — = 2a'p + — = 2a'p + d (4.5) 

or or 

We also require that the lagrangian and the gauge-fixing condition are consistent, thus 
we rescale Lb in such a way that its functional derivative with respect to X~ gives 
P- = —2p + . We thus get for the lagrangian and action, respectively 

r Lb 



and 



2a' 2 p+ 

P - Y X 2 - ^ Y a X 1 2 - ^i— y ( 5 %J X' - 2a'p + H +tJ X*) V' + 
2 2 ^ 8 a' V ^ V 13 y +l] J 

i=l i=l v ' «J=1 

-2p + X- + — X~' (4.6) 
a' 



Sb = ^ I dr I da L B (4.7) 



We may now proceed in the evaluation of the bosonic string spectrum: if we explicitly 
substitute H +i j into (|4.6|) then 

r P + \^ <ri 2 m 2 p + J^. i2 1 vi /2 171 ( f v 5 v 7', 

L B = — > X % — > CiX 1 — — — — / X 1 H cos a (X 5 X 7 + 

2 2 ^ 8 (a' V ^ 2a' V V 

i=l i=l v ' i,j=i 

- X 7 X 5 ' - X 6 X S ' + X 8 X 6 ') - sin a f X 6 X 7 ' - X 7 X 6 ' + X 5 X S ' - X s X 5 ') ) + 



- 2p + X- + —X-' (4.8) 
a' 

Four bosonic modes are independent harmonic oscillators, while the other four are mag- 
netically coupled through the H 3 field. The term in the X~ field only gives a constraint 
on the physical states, since it is linear in the field. We introduce three parameters 

k=— a= , xo g = — (4.9) 

2 8(a')V 2a! K J 
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to avoid as much confusion as possible in the following expressions. We study the equa- 
tions of motion of the fields (X 5 , X 6 , X 7 , X 8 ); the ones for the four independent fields 
(X 1 , X 2 , X 3 , X 4 ) are obtained by substituting 2m 2 — > m 2 and g — > in the expressions 
for the interacting degrees of freedom. 
The Eulero-Lagrange equations read 



X5 = 2m 2 X 5 - ^X 5 " - | (cosaX 7 ' - sinaX 8 ') 
X* = 2m 2 X 6 - jX e " + 9 - (cosaX 8 ' + sinaX 7 ') 
X 7 = 2m 2 X 7 - ^X 7 " + | (cosaX 5 ' - sinaX 6 ') 
X 8 = 2m 2 X 8 - ?X 8 " - 9 - ( cos aX 6 ' + sin «X 5 ') 



(4.10) 



k 



k 



We build a "vector" X(<r, r) = {X* (<r, r)} with i = 5,6,7,8 and expand it in Fourier 
modes 



+oo 



X (a + 2tt, r) = X (a, r) X (a, r) = £ c(r)e 



(4.11) 



From the reality of X it follows that c_ n (r) = c„(t). The system of equations of motion 
becomes 

-c n (r) = T n c„(r) 



where 



T 



/ 2m 2 + 22i 





-^fcosa 


ign 
k 


sin a \ 


o 


2m 2 + 2j£ 


^sina 


ign 
k 


cos a 


| Tcosa 


-^fsina 


2m 2 + 2j£ 







V -f^sinc* 


-^cosa 





2m 2 


_i_ an 2 , 



The eigenvalues of this matrix are 



(4.12) 



(4.13) 



, , n 9 an q 
fc n = 2» 2 + — + |n 

,- o 2 . a ^ 2 5 
k n = 2m H — ; -n 

fc k 



(4.14) 
(4.15) 



each with multiplicity 2. Since T n is a self-adjoint operator, T 1 ^ = T n , we can choose a 
set of orthonormal eigenvectors of T n as a basis for the four-dimensional space of the 
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c n (r)'s (i = l,2) 

W*) = k~e-^ (4.16) 

e±« • e±Cfl = 

We can write then 

c»(r) = B+ W e+ (<) + S-W C ;« (4.17) 
where a sum over i — 1, 2 is understood. Substituting into (|4.12jl we find 

-4 +{i) (r) = ^5 n + «(r) 

-5- w (t) = KB-^(t) (4.18) 

which have solution 

5+«(r) = A+ (i) e-^" T + £>+« e ia; ™ T 

S~W(t) = A; (i) e-^" r + D~ {i] e i ^ T (4.19) 

where 

w± = VE± (4.20) 

Imposing the condition on the reality of X, we find a relation between the A and .D 

coefficients 

Ag? = D*f> (4.21) 

We then have 

+oo 2 



X(a, t) = Yl ((^n W e" 4 "" T + Alfe^A (A-^e~^ T + At® e iu3nT X) (4.22) 



n=— oo i=l 



We define the momentum vector II (er, r) = {11^ (a, r)} = 2A;X(a, r) with = 5, 6, 7, 8 and 
tufa, r) = ; JS^ ^ . ()4.22j) and II (er, r) can be inverted to obtain the Fourier coefficients 



At® and 

»2tt 



A±J) _x_jj . ^ T) _ _i_ n(ffi T) ) ^ (4 . 23) 

Quantization of the bosonic fields is then achieved as usual by promoting X(a, r) and 
Il(cr, r) to operators (the Fourier coefficients are also promoted to operators An and 
At {i)i ) and imposing canonical commutation relations on them 

[^V^n^T)] =t6 i j 5(a-a') (4.24) 
11 



By using (J4.23)) and 1)4.24)1 we can calculate the commutation relations for the and 

At^ operators. Since we will interpret them as creation and annihilation operators, we 
normalize their commutators to one. We thus define (u^ is always strictly positive) 



so that 



,+(**) n + U) Y 



5 S lJ 



and 



-(**) n -U) f 



6 5 13 



(4.25) 
(4.26) 



with all other commutators equal to zero. 

Substituting (j4.22j) and II (er, r) into the hamiltonian (C% 6 ' ' 8 stands for the part of 
the lagrangian involving only the fields X 5 , ■ • ■ , X 8 ) 



0-5,6,7,8 

B 



i>2tv 

/ da(U-X-Cf' 7 ' 8 ) 
Jo 



(4.27) 



we find that 



H 



5,6,7,8 

B 



+00 



(4.28) 



We introduce the number operators 

N° n = af > ] a°« + a ^ f Q o(2) + a o(3) t fl o ( 3) + fl o(4) t fl o ( 4) 



n n 



n n 



iv; 



(4.29) 



where the "0" quantities can be easily obtained from the ± ones via the substitution 
mentioned above. The complete bosonic hamiltonian is given by 



+00 



H B = KK + <N+ + uj-N-) 



(4.30) 



4.2 Fermionic sector 

It comes out that in light-cone gauge, using the GS formalism, it is possible to quantize 
the fermionic sector of superstring theory on a pp-wave with non-zero 3-forms and 5- 
forms jSj, JH]- The only contribution to the fermionic part of the lagrangian is given by 
the supercovariant kinetic term for the two GS spinors 

If = i (v a %J ~ e a Vs/j) d a x m 8 I T m (D b ) JK 8 K (4.31) 
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where jH] [TT] 



D„ 



~da+\d a X k 



^mnk 2 ^mnkP3 J F 



Po 



1 
-1 



Pi 



1 

1 



P3 



1 
-1 



(4.32) 



(4.33) 



and 9 1 and 9 2 are 32-component space-time Majorana spinors; since we are considering 
IIB superstrings they have the same chirality. We choose TuO 1 = 9 1 to be consistent 
with the choices made for the background gravitino and dilatino in Appendix IB?. 
Fixing the light-cone gauge 



x + = 2ap + f = t and T+9 1 = 
the supercovariant derivative can be simplified to 



(4.34) 



b b JM e M 



dbO J — ma'p + 5 b 



(cos a (r 57 - T 68 ) - sin a (T 67 + T 58 )) p/ M 9 M + 



+ (cos a (r 67 + T 58 ) + sin a (r 57 - T 68 )) Pl JM 9 M + 
1 



(4.35) 



V2 



Using some gamma-matrices algebra and the chirality of the 6 spinors it comes out 
that the only non-zero contribution to the sum over m in (|4.31|) comes from the + 
term. As explained in Appendix El we use the light-cone gauge and the chirality of 9 1 to 
reduce the degrees of freedom of the spinors, and write the lagrangian using 8-component 
spinors S 1 in place of the 32-component ones 9 . Taking the same normalization as for 
the bosonic lagrangian, we eventually get 

C F = — t {- 2a'p + (S l d S l + S 2 d S 2 ) - S'd^ 1 + S 2 d 1 S 2 + ma'/ [s 1 (cos a ( 7 57 + 

- 7 68 ) - sin a ( 7 67 + 7 58 )) S 1 - S 2 (cos a ( 7 57 - 7 68 ) - sin a ( 7 67 + 7 58 )) S 2 + 



+ 25 1 (cos a ( 7 67 + 7 58 ) + sin a ( 7 57 - 7 68 )) S 2 + 2^2 5 2 7 5678 S 1 



(4.36) 



We can now quantize the fermionic sector. First of all we write the equations of 



2 We explain our conventions on gamma-matrices and spinors in Appendix 1X1 
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motion 



-iS 1 = ^^^.S 1 - ^ [(cosa ( 7 57 - 7 68 ) - sina ( 7 67 + 7 58 )) S 1 + (cosa ( 7 67 + 7 58 ) 

sina( 7 57 - 7 68 ))S' 2 ->/27 5678 S' 2 " 

-^ 2 = ^S 2 - — [(cosa ( 7 57 - 7 68 ) - sine* ( 7 67 + 7 58 )) S 2 + (cosa ( 7 67 + 

2a p + 2 

+ 7 58 ) + sin a ( 7 57 - 7 68 ) ) S l + v / 2 7 5678 .S 1 ] (4.37) 
and decompose the spinorial fields in Fourier modes 

S T (a + 2tt, t) = S\<t, t) (4.38) 

+oo 

S\a,r)= S> n tT)e™ (4.39) 



n=— oo 



Writing the equations of motion for the normal modes we notice that the F 5 interac- 
tion couples every component of one spinor to the same component of the other spinor, 
without mixing different components, while the 3-form interactions leave four modes un- 
affected while coupling magnetically all the other components: H3 acts within the same 
spinor, while F 3 mixes components of the first spinor with components of the second one, 
and viceversa. We then have four components of each spinor (S^^, S*^, S^^, and 
^n(3)> ^n(4)' ^n(5) ' ^n(6)) wmcn are coupled only through the 5-form as 



? C1 _ n Cl ,^o2 

n{k) ~ 2c/p+ n(k) n{k) 

n(k) ~ 2a 1 p+ n(k) 71 n(k) 
Their frequencies can be found by diagonalizing the matrix 



(4.40) 



im n 



(4.41) 



%/2 2«V 

which gives 

The other eight components feel both the complex 3-form and the 5-form 

-iS n = Tj n (4.43) 
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where S r 
I 



( ql ql ql ql q2 q2 q: 

°n(2)' °n(7)' °n(8)> °n(l)> °n(2)' °i 

— im(3(a) 



n(7)' ^n(8) ^ anC ^ 



2a'p+ 









2a'p+ 









imf3(a) 

im/3(a 




2a'p+ 







-imf3(a) 


n 



V2 





I III 

v/2 





— m/?(a) 

— m/3(a) 



2a'p+ 

—mf3(a) 
—m/3(a) 




V2 





mi 



im 

V2 



— 



n 

2a'p+ 



-imf3(a) 






im 



— i/3(a) 




2o'p+ 



-imj3(a) 



-m(3(a) \ 
—mf3(a 

V2 U 


imf3(a) 

imp (a) 
n n 




_ im 
"V2 





n ) 

2a'p+ / 

(4.44) 

and we have defined (3(a) = cos a + i sin a. The frequencies of the normal modes can be 
obtained, again, by diagonalizing this matrix. The result is 



P 



, H — m 2 — 2m* / 
v> ■) \l (2a 1 p^ 2 



+ m 2 



rr 



P 



5 o / 
, 2 + 2 m +2m V (2a'p+) 2 



+ m 2 



To get the hamiltonian we organize the 16 eigenvalues in the following way 



(4.45) 
(4.46) 



UJ 1 = LO 2 = LU 3 = UJ 4 

n n n n 



(4.47) 



and the other eight ones are defined in the same way but with the minus sign. The 
Majorana condition on the spinors S l and S 2 gives a relation between the positive- and 
negative-frequency components of the Fourier expansion 0^. We obtain then 



S(a,r) 



+oo 8 

EE 

n=— oo j=l 



01 wl e luJ " T + 9L W>_„ e 



(4.48) 



where w J n are the eigenvalues of the kinetic matrix built from the blocks (14.41)1 and 1)4.44)1 . 
We promote the Q J n and Q J n to operators Q 3 n and 0{ and define the new operators W n and 
V n by requiring that imposing the canonical anti-commutation relations for the spinor 
fields and momentums 



{S^ia, r), IT/K, r)} = t5 i J S(a - a')S IJ for 



hJ 



(4.49) 
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is equivalent to realizing a Clifford algebra with V n and b> n 



The hamiltonian is given by 



+cx) 8 



(4.50) 



(4.51) 



n=— oo i=l 



4.3 Spectrum 

We summarize here the results we obtained in the two preceeding subsections on the 
spectrum of superstring theory on this minimallly supersymmetric pp-wave. The total 
hamiltonian is given by 



and 



H = H B + H F = («£>°NZ>o+u£>+NZ>++u£.-N?>-+ 

n=~ oo 

+UJ F,0 N F,0 + U F,+ N F,+ + ^-7V F '-) 
1 n 1 n 1 n n / 



U). 



B,0 



(2«y 



'2m 2 + 



+ 



(2a'p+)" a'p 



mn 

'r>+ 



Co' 



B,- 



= i / 2m 2 + 



(2a'p+)" a'p 



mn 

■'r,+ 



CO. 



F,0 



+ 



(2a'p+)' 



UJ. 



u F ' + = 

n 



\\ (2a'p+y + 2^ 2m \/ (2r,'y;-)2 



rr 



^(2a'p+) 2 + 2 m2 + 2m V i -^'/'-! J 



+ rrr 



The physical states will also have to satisfy the constraint 



+oo 



P = J2 nN n = 



(4.52) 



(4.53) 



(4.54) 
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which follows from the equations of motion of the — coordinates. We define a vacuum 
|0) which is annihilated by all the bosonic and fermionic destruction operators, and 
build string states by applying the creation operators on it, taking care of satisfying the 
constraint (|4.54j) . 

As can be noted from the masses (J4.5H)) of the bosonic modes, the tachyon that made 
the ten-dimensional background unstable is not present in the string spectrum after the 
Penrose limit. This could have been guessed even before calculating the frequencies of the 
bosonic modes, and is due to the fact that when we put the superstring theory on the pp 
wave limit of a supergravity compactification, we are keeping only those states in string 
theory which have very large momentum along the geodesic we take the Penrose limit on, 
i.e. we are considering high-order Kaluza-Klein states. We argue that the behaviour of 
the scalars of our theory is not much different (at least qualitatively) from the AdS^ x S 5 
solution, where the KK-angular momentum contribution to the mass of the scalars in 
any representation of SU(4:) is eventually dominant over the other contributions 
Thus, in the limit of large J, the KK contribution to the energy of the states will drive 
the mass of the tachyon to a positive value. This is analogous to what happens in the 
Penrose limit of type IIB string theory on AdS$ x T p,q [20] and of type string theory 
on AdS 5 x S 5 |2I]. 



4.4 Zero— point energy 

Despite the solution has 16 supersymmetries, the masses of the bosons and fermions are 
not equal, and the string theory will have a non-vanishing zero-point energy given by 



e = E °n= Yl K ,0 +^" + 



Other examples of the same phenomenon include 
convergent and we can approximate it with the integral 



n' + ) (4-55) 
and [221 The series (14351) is 



+oo 



dx I 2* m 2 + 




< m 



[2a'p^ 



-2W— + 



'2m 2 + 



+ 



mx 



(2a'p+f ' a'p+ 



+ J2m 2 + 



ar 



mx 



(2a'p+) 2 a'p + 



\ (2a'. 



P 



-m 2 — 2m\ ,' 
- 2 2 V (2a' p+) 2 



x 2 5 / x 2 

- H — m l + 2m\ / — ■ 

p^) 2 2 V (2a'p + ) 2 



+ m 2 



(4.56) 
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where we have substituted the discrete variable n with a continuos one x. This integral 
can be evaluated numerically, and gives a positive result 

E ~ 2m 2 a'p + (4.57) 

It is interesting to compare this with another non-supersymmetric example |21j . 
There the zero-point energy Eo/m vanishes for ma'p + — ► +00 (perturbative limit in 
the dual gauge theory), while is unbounded from below in the limit ma'p + — > (su- 
pergravity limit). In this case we have the opposite behaviour, E /m goes to in the 
supergravity limit and diverges in the perturbative limit. 

5 Dual gauge theory 

The gauge theory dual to the compactification of [TU] is Af = 4 S77(4)/j super Yang- 
Mills deformed by a mass term for one of the four fermions in the adjoint of the gauge 
group SU(N) [Zj [Hj. The compactification we are considering is indeed obtained from 
AdSc, x S 5 by turning on a complex 3-form. Complex 3-forms are in the 10 of SU{4) 
and couple to boundary operators which are bilinears in the four fermions that belong 
to the spectrum of M = 4 SYM. In particular the 3-form (j2.16|) we turned on is in the 
singlet representation of SU(3) C SU (4) and thus can only couple to a mass term for one 
of the fermions. We choose A4 as the fermion that gets a mass. Thus the gauge theory 
lagrangian is given by 

£ = Cjv=4 + rn Tr (A4A4 + A4A4) (5.1) 

The fermion mass term is a relevant operator which drives a RG flow from the M = 4 
UV fixed point to an IR fixed point where all supersymmetries are broken. Nothing will 
prevent scalar fields to gain mass through radiative corrections and the effective infrared 
theory will be made up only of three massless fermions and SU(N) gauge fields, all in 
the adjoint of the gauge group. The authors of [§] argued that, as a consequence of the 
instability of this fixed point, the chiral symmetry SU(3) is dynamically broken down 
to 5*0(3). Since our model is stable after the Penrose limit, we believe that the subset 
of operators we are considering and their symmetries are well described by the pp-wave 
background. 

Let us consider the symmetries preserved by the limit. In section I3~T1 we redefined 
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the angle coordinates of the original space 

x~ 



t = mx + 



mR 2 



= V2 ( mx + - — — J + (f! 
\ mR' 1 J 

ip = V2 ( mx + - — ) + 2(^2 — <Pi 
\ mR* J 

-V2 (mx+ - ^) - 3^ 2 



(5.2) 



thus the hamiltonian and the light-cone momentum are given by 

m mdx + dt (<9t cfy/> 90/ V~ {J T ~i> ^) 

P P " Zm dx~ R 2 \dt + V \dr cty d<j>)) R 2 

(5.3) 

where J r _^ = z — ^ J and = z'J^. As manifest from (|2.13j) J r _,/, — J^isa?7(l) 
generator of 577(3). 

The boundary operator Tr A a At + h.c. under 5£7(4) — > SU(3) decomposes as 

10 -> 1 + 3 + 6 (5.4) 

As we have already said, the singlet operator Tr A4A4 couples to 3 du\ A du2 A <7u3, while 
Tr AjAj to duiAdujAduk- From this we obtain the charges of Tabled! where J = J T -^ — J^. 
By looking at the charges it is evident that at the n = level the symmetry conserved by 
the Penrose limit is SU{2) x £7(1) C 577(3), where SU(2) rotates the fermions (A2, A3). 

Since there are no supersymmetries, and the supergravity approximation gives results 
only on some low-lying states, we can only make conjectures on the spectrum of the fields, 
which we leave for future work to verify. The SU(3) symmetry of the original theory 
ensures that the fields Ai, A2, A3 and, separately, Ai, A2, A3 will have the same dimension. 
Thus looking at Table [T] it seems a good guess to choose as the building block of the 
vacuum the field Ai. Its charge is the largest among all the fields, which means that if 
we take as a first approximation to the energy of the operator the sum of its A and J, 
Tr\ 2J will be the one with the smallest energy. Moreover Ai is a singlet of the 577(2) 
symmetry group of the free theory, feature we would expect from the vacuum. Thus we 
take 

|0> = Tr (\ 2J ) (5.5) 

3 The coefficients in front of the 3-forms are not relevant in the calculation of the charges of the 
fermions, and we will ignore them. The couplings will be valid up to a constant coefficient. 
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T 


T 

J(f> 


T 

J 


Ai 


1 
6 


1 
2 


2 
3 


Ai 


1 
6 


1 
2 


2 
3 


A 2 


1 
6 


1 
2 


1 
3 


A 2 


1 
6 


1 
2 


1 
3 


A 3 


1 

3 





1 

3 


As 


1 
3 





1 
3 



Table 1: The charges of the fermionic massless fields which make up the spectrum of the 
effective theory at the IR fixed point. 



The four bosonic states with H = 1 are obtained, as usual in this kind of theories, by 
applying the gauge-covariant derivative along one of the four space-time directions to a 
scalar pair (AiAi). The covariant derivative adds a unit to the dimension, while leaving 
the charge unchanged. 

H = l - Tirp^ApiAi)) (5.6) 

We argue the four bosonic states with H = \/2 are obtained by substituting one of 
the scalars (AiAi) with one of the Goldstone bosons of the symmetries that were broken 
in £77(3) — > 577(2) x £7(1). The four generators of these broken symmetries give rise to 
the operators 

Tr {\ 2J - 2 (AiA 2 + A 2 Ax)) Tr (A^- 2 (A X A 3 + A^Ax)) 

Tr (.A^- 2 (A 1 A 2 - A 2 Ai)) Tr (zA^ 2 (AiA 3 - A 3 Ai)) ( ' ' 

This identification is strengthened by the following consideration: if we substitute a 
Ai field with a A 2 or A3 fermion, we are subtracting a 2/3 charge and adding a —1/3 
one. Since these three fermions have the same A, if we naively add up the charges and 
dimension of the new state we find that, because of (Q, H = V2. 

The fermionic states should be built by adding a fermion to one of the states. The six 
states with H = 1/ v^2 could be realized by adding to ()5.5|) one of the fermions Ai, A 2 , A3. 
Each of them has two degrees of freedom, since they are Weyl fermions, giving a total of 
six states. If this guess will prove to be right, the other two states with H = 3/v2 are 
to be expected to come from the insertion of a A4 (or the corresponding combination of 
fields in the effective theory). When we integrate it out in the IR fixed point, this field is 
presumably substituted by a trilinear in the other three fermions (it is the easiest way to 
build a state with J = 0), giving an idea of why the energy of the two states Tr (A^A^) 
should be three times the energy of the states Tr (A 1 2J A fc ) . 
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We define X eff = -4. The stringy operators are probably obtained from the n = 
ones by adding phases as in The dimensions have a common zero-point contribution 

(A - J) ° = § ~ 7T= (5 ' 8) 

From (J4.53)) . (|5.3|) and i? 4 = AirgNa' 2 , the perturbative expansion for the dimension of 
the single impurity operators reads 



(A - Jf = \/ 1 + o ^ = 1 + j « 2 A.„ + 0(A 



(A - J)f+ = ^1 + + ^ = V2 (l+ VF^ + i5»X, + OOtS)) 




X effJ 



(A - Jt~ = V2jl- + ^ = V2 (l- «VI^ + + 0(*3* 



\/A 7r n 2 A 



+ 0(Ay) 



7rn 2 X irn 2 \ 



-L( 1 + ^„ + (A!„)) 



(5.9) 

Some comments are in order. First of all we notice that the zero-point contribution 
to A — J is divergent in the perturbative limit. (A — J) is a constant common to 
all operators, and perturbation theory should still allow us to calculate the difference 
between the dimension of an operator and that of the vacuum. We also find that in 
the expansions for the H = scalars the first contribution is of order a/ A e// . This 
seems to be an original feature of our model, and from |22J we believe it suggests that 
the quantity e~ — e~^f should appear in the leading coefficient of the perturbation 
expansion, indicating that moving an impurity in one direction or the other, in Feynman 
graphs, should give different contributions. It must also be noticed that the dimension 
of two fermionic modes doesn't get corrections from one-loop graphs, and its expansion 
starts at the second order. This same feature was found in [T3] . 

We leave for future work a firmer analysis of the gauge theory. 
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A Appendix: T matrices and conventions 

The metric signature is r] MN = (— , +,+,..., +). When we write antisymmetric forms in 
component notation we use the following normalization 

u p = — ct>i,...,p dx 1 A ... A dx p 

We adopt the same conventions as [Sj for T-matrices and indicate with T M the 32 x 32- 
component gamma-matrices, and with 7 M the 16 x 16-component ones. 

7 M " 
5 M o 



(A.l) 

{r A/ , T^} = 2 V MN 7 M ^ + 7 V = 2 V MN (A.2) 



7 M = (1,7\7 9 ) 7 M =(-l,f,f) (A.3) 
where M, N = 0, 1, 2, . . . , 9 and i,j = 1, 2, 3, . . . , 8. 

We adopt the Majorana representation, C = T°, so we can choose all 7 M to be real 
and symmetric, and assume the normalization 

r 11 = r°r 1 ...r 8 = (A.4) 

We define r Mi - m p as the antisymmetrized product of T matrices with the same nor- 
malization as forms 

pA/i...M„ 1 „ pMipMj -pAf„ pMipM 2 r M„ 

1 p — — r £MiM 2 ...M p J- J- ...1^=1 1 

p! 

where the last equation is valid if and only if all the indices are different (otherwise the 
matrix equals zero). 

32 > 8-component spinor decomposition 

Because of the normalization we chose for r n and the condition on the space-time 
GS spinors: TuO 1 = Q 1 , the 32-component spinor has only 16 non-zero components 




(A.5) 



where 9 1 is a 16-component Majorana spinor. Moreover, not all of the components of 9 1 
are physical degrees of freedom, since we still have to take into account the light-cone 
gauge. We define 



but now 



thus 



v ll e = e =► r°f=(_° e -) and r 9 6>=(^~) (aj) 



r-# = o ^ 7-0 = ^ fe = -e 

~ fx + \ 

If we decompose the 16-component spinors as 9 = _ J then 



and we can represent 7 as 



(A.8) 



X 

X + = <=> T~Q = and x" = ^ 7 + # = (A.9) 

Is 
-l g 

The light-cone and chirality conditions are thus equivalent in our representation to 
imposing that only the first 8 components (which constitute a spinor S on their own) of 
a 32-component spinor are non-zero. A representation of the 5*0(8) algebra of gamma- 
matrices 7* can be built on these spinors (we will do this in the next subsection), and in 
particular it is found that for i±, ■ • • , i p — 1, • • • , 8 

r*i"V0 _> yi-vs (A.10) 

r°e -> -s r 9 e -> 5 (A.n) 

In particular 

7 12 - 8 5 = 5 (A.12) 

but since (7 1234 ) 2 = 1 we have 

7 1234 5 = 7 56?8 5 (A. 13) 

SO(8) gamma-matrices algebra representation on 8-component spinors 

To build a realization of the SO (8) gamma-matrices algebra on the 8-component 
spinors we define the combinations (j = 1,2,3,4) 

a, = \ (7 2 - 1 - *7 2J ) 

? (A.14) 
a} = i (7 2 - 1 + i7 2j ) 
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Because of the algebra {7 l ,7 3 } = 25 1 ^ the operators which we just defined realize a 
Clifford algebra 



a t j ,a k \ = S j k |a],4|=0 {a i ,a fc }=0 



(A.15) 



S 



( 10) \ 



and in particular ajaj = djdj = 0. We can interpret the dj and aj as creation and 
annihilation operators on an 8-dimensional vector space. We define the vacuum |0) as 
the state which is annihilated by all the dj operators and build vectors by applying the 
operators on it and represent spinors as 

(Si\ 

s 2 
s 3 

s 5 
s 6 
s 7 

\S 8 J 



d\d\ 

44 

,t„t 



d[d 4 

44 



44 1 

,t„t„t„tl 



0) 
0} 
0} 
0) 
0} 
0} 



(A.16) 



yaX4 a 4l°) J 



B Supersymmetries 

Following closely [2] and we take the variation equations for the dilatino and gravitino 
from EH and set them to zero: 



5\ = --Q,t 

5^ M = D M e + - P 5 T M e - — (2 Q^m + T M 3 )e* 
4 lb 



(b.i; 



where D M e = d M e + \uo M NP T NP e. We take Tnip M = 4>m and TnA = —A, so that 
r n e = e. By choosing the vielbeins 



e* = dx 1 e + = dx + e 
the metric (|3.5jl can be written as 

ds 2 



\ 8=1 1=5 / 



-4e + e- + ^(e*) 2 



i=i 



We find that the only non-zero components of the spin connection oo M are 

1 



UJ 



—UJ 



(B.2) 



(B-3) 



(B.4) 
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From ()3.6|) 

Q = 2e ia (r 5 + zT 6 ) (r 7 + tT 8 ) r+ 

^ \_ ^pl234 _|_ p5678^ p+ 

(B.5) 

The equation involving the variation of the dilatino is easy to solve and gives 

(i + ,r 56 ) (1 + zr 78 ) (1 - r 09 ) e = o (b.6) 

If we represent the spinors in a basis of eigenvectors of the Lorentz operators {r 09 ,zr 12 , 
iT , iT 56 , iT 78 } , then a generic spinor can be written as (±, ±,±, ±,±). The solutions 
of (IB~6l) are 

(+,±,±,±,±) (1) 
(-±,±,--) (2) 

(-, ±,±,+,-) (3) 1 • ) 

(-±,±,-+) (4) 

The condition Tue = e imposes, moreover, that there be an even number of "— " eigenval- 
ues. Not all of these solutions are supersymmetries of the background: the more involved 
gravitino equation must also be satisfied. Because of (jB.lj) . (|B.4j) and (T + ) 2 = it is 
found that 

<9_e = 



(B 8) 



where 



n . = — L r + (r 1234 + r 5678 ) r, 

4y 2 

a, = -e ia (2 (r 5 + ir 6 ) (r 7 + ir 8 ) r + Ti + r (r 5 + ir 6 ) (r 7 + zr 8 ) r + ) 

8 

Again because of (T + ) 2 = we have that Q^Qj = QiAj = AjAj = for any i, j — 1, . . . , ; 
and then <9j<9,e = 0: e can only depend linearly on the x l 's 



e = X ~ i x ° (tyx + AjX*) = 

8 \ 8 

l-i^y^ ,\ x -iJ2 xjA *j ( B - 9 ) 

3=1 / 3=1 

where \ = xi x+ ) is a positive chirality spinor to be determined via the 5ip + = equation 
and (jOJ). Substitution of (IB~9|) into (lB~6j) gives 

(1 + zT 56 ) (1 + zT 78 ) (1 - T 09 ) X = (B.10) 
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thus x w iH be one °f QB.7J) . Substituting ()B.9|) into 8ip + = and setting the constant 
term and the 8 terms linear in x l separately equal to zero, we find that the following 
equations must be solved 

a) d +x = -^ (r 1234 + r 5678 ) r+r- x + i e * (r 5 + *r 6 ) (r 7 + *r 8 ) (i - r+r~) x * 

b) titf+x) + Hd + x*) + f U ; r,r \ - ^= (r 1234 + r 5678 ) (n jX + A jX *) + 

(B.H) 

We then substitute a] into b), and find that x must satisfy 

ie ia ^- (r 5 + zr 6 ) (r 7 + *r 8 ) x * + \e~ ia ^ (r 5 - *r 6 ) (r 7 - *r 8 ) x + iA jj r j r+ x + 
~ (r 1234 + r 5678 ) (n iX + A iX *) + e iQ (r 5 + *r 6 ) (r 7 + *r 8 ) {n jX * + A*x) = o 

(B.12) 

We notice that if T + x = 0, which corresponds to the first of (jB.7|) . then equation ()B.12|) 
is satisfied: our solution has at least 16 supersymmetries 4 . Let us now consider cases 
(2)-(4): after some gamma-matrices algebra, we rewrite (jB.12|) for j = 1,2,3,4 as 



i 



(ajj + ^ r + r>x = - ^ (r 5 + *r 6 ) (r 7 + *r 8 ) r + F (r 5 - *r 6 ) (r 7 - *r 8 ) x + 

_ _£1 ^1234 + p5678) p+pj (p 5 + ^ (p7 + -p8) % * (fi ^ 

4v 2 

The left-hand side can never be zero, because we are considering the case in which 
T + x 7^ 0, thus there can be a solution to this equation only if the right-hand side of the 
equation doesn't vanish. Let us consider the three cases (2)- (4) of (|B.7|) 

(r 5 + iT 6 ) x* + 

(r 7 + *r 8 ) x * + o 



(2) -+ { ) - and 

^ \(r 7 -zr 8 ) x ^o 

(3) ^{(r 7 -*r 8 )^o and 

(4) ^1^-^^° and 



(r 5 + ir 6 ) x* = o 
(r 7 + *r 8 ) x * * o 

(r 5 + ir e ) x* ^ o 
(r 7 + ir 8 ) x* = o 



4 This is a general result for type IIB superstrings on a pp-wave 
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Thus we see that (3) and (4) cannot be solutions of (|B.13|) . The only possible solution 
is (2). The first term on the right-hand side of (jB.13|) evaluated on \ — ( — > ±, ±, — ? — ) 
gives iT + T^x- As we already mentioned the condition Tux = X implies that either one 
of the two ±'s must be a — and the other a +. It follows then that T 1234 x = Xi while 
r 5678 x = -X and (T 1234 + T 5678 ) x = 0. The second term on the right-hand side of ijTTHijl 
becomes 2v^e fa r + PT B V J and equation (lB~T3l) reads (A# = 1 for i,j = 1,2,3,4) 

X = -2v / 2ie iQ r 5 V (B.14) 

which has no solutions. 
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